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Abstract. We consider the Lp norm estimates for homogeneous polynomials 
of q-gaussian variables (—1 < 9 < !)• When —1 < g < 1 the Lp estimates 
for 1 < p < 2 are essentially the same as the free case (q = 0), whilst the Lp 
estimates for 2 < p < oo show a strong q-dependence. Moreover, the extremal 
cases q = ±1 produce decisively different formulae. 



In classical probability theory and in analysis the Wiener chaos is well understood 
and fundamental. The orthgonal polynomials for the gaussian measure in M" are 
given by the Hermite polynomials. In this paper we are interested in norm estimates 
for homogeneous polynomials in (/-gaussian variables. The family of q-gaussian 
variables, introduced by Bozejko and Speicher (|3]), is a natural noncommutative 
generalization of classical gaussian random variables. Here q ranges between [—1, 1]. 
The case q — 1 corresponds to the classical situation, q = —1 reflects the fermionic 
case, and q — comes from Voiculescu's free probability theory. Our work is 
motivated by the beautiful results by Haagerup/Pisier ([7j) on the operator space 
structure of the space of homogeneous polynomials in the free group. Similar result 
have been obtained by Ricard/Xu ([21]) for free products. We want to show that 
norm estimates for polynomials of degree 2 and higher can detect the value q. 

The space of polynomials of degree one is just the linear span of the {q-) gaussian 
variables and are, by now, very well understood through Khintchine type inequal- 
ities. The starting point of these result is Lust-Piquard's Khintchine inequality 
([13]), later extended by Lust-Piquard/Pisier to the range I < p < 2 ([H]). In 
the free case, Buchholz ([!]) provided very precise estimates. For general informa- 
tion on free chaos we refer to the work of [lOj . which stems from earlier work of 
Pisier/Parcet ([17|). For p = oo, very nice estimates for polynomials can be found 
in [51] , the Lp versions can be found in |^ . 

Analyzing the known norm estimates for the span of the generators of g-gaussian 
random variables, it turns out that the dependence on q disappears. Indeed, any 
suitable notion of gaussian random variables leads to similar expression for a fixed 
value of p. In this paper we provide formulas for homogeneous polynomials of higher 
degree and show that already for polynomials of degree 2 the results do depend on 
q, however the dependence is quite subtle. 

Theorem 1.1. Let —1 < g < 1 and {gq,i)YLi (resp. {gi)^i) be q-gaussian (resp. 
free- gaussian) random variables defined with respect to some reference state <f)q (resp. 
4>) with density Dq (resp. D). Let (sy)™^]^ be Lp{Ai) valued coefficients for a von 
Neumann algebra M and 1 < p < 2. Then 
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The good news is that the right hand side can be calculated (up to some univer- 
sal constant) by a formula involving the best decomposition with respect to three 
norms (a generalization of the basic /C- functional spaces in interpolation). Such 
decomposition norms should be considered classical in the theory as in so far they 
appear already in Lust-Piquard/Pisier's operator valued Khintchine inequality for 
the range 1 < p < 2. We refer to section |3] for a precise formulation. It seems that 
Theorem 11.11 has no dependence in q (except the constant). However, there are 
singularities for q = 1 and q = —1. In the specials cases we have to use a decoupling 
technique. Indeed, it is well-known from Banach space theory (see e.g. the book of 
Ledoux and Talagrand ([H])) that 
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holds for Banach space valued coefhcients Xij G X. Here Ei, e'j are independent 
coordinate functions defined on { — 1,1}" x {—1,1}" and E is the corresponding 
expectation. Based on new decoupling techniques we prove the following. 

Theorem 1.2. Let q = ±1 and (5<j,i)™i be q-gaussian random variables defined 
with respect to some reference state (pq with density Dq, and let (g^)™ ^ and D be 
as in Theorem \l.l[ Let 1 < p < oo and {xij)Y^j^i be Lp{A4) valued coefficients for 
a von Neumann algebra A4. 

i) Let q = —I and Xij = —Xji. Then 
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ii) Let q = 1 and Xij = x 
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or 91, 
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Then 



Xij (g) D^pgiD-^p (g) D-^pg^D-^p 
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Xij ® D^pgiD-^p ® D-^p gj D 2p 



Here again the right hand side can be calculated using martingale inequalities 
for the linear terms. This leads to a four term maximum for p > 2 and a four 
term decomposition for 1 < p < 2. The formulae are decisively different from the 
three term expression in Theorem 11.11 Let us refer to section 3] for the concrete 
expressions. Moreover, in section [3] we also extend this result to polynomials of 
arbitrary degree. The notion becomes rather involved and the estimates depend 
on the degree of the polynomial. In spirit our method is closely related to similar 
estimates for polynomials on the free group by Haagerup and Piser. However, in our 
approach the decoupling is derived from Speicher's central limit procedure combined 
with the ultraproduct technique from [9J. 

Finally, let us come back to the ^'-dependence for polynomials of degree 2. For 
p > 2 we can use duality arguments starting from Theorem 11.11 These estimates 
are based on the previous work of Nou ([I^). Indeed, a classical tool for study- 
ing g-gaussian variables is the Wick order. This order essentially implements the 
identification between the GNS-Hilbert space given by the vacuum state and the 
Fock space realization. In our situation the usual product gq^igqj {i ^ j) coincides 
with the Wick product, however understanding gq.igqj as a Wick product plays an 
essential role when p > 2. 

Theorem 1.3. Let ~1 < q < 1, (a;^)™-^]^ be Lp{A4) valued coefficients for a von 
Neumann algebra M. and 2 < p < oo. Let {gq,i)^i, Dq, {gi)"^i and D be as in 
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Theorem Then 



QXji 



D^pgigjD^p 



Moreover, the span of polynomials of degree 2 is completely complemented in the 
corresponding Lp space with a constant depending on q. 

The g-dependent term Xij + qxji above comes from the symmetrization operator 
P2 on for a Hilbert space H defined by 

f2(/l «) /2) = /l «) /2 + qf2 «) /l 

for any /i,/2 G H. See section [2Jl for the details. Again the result also holds for 
polynomials of higher degree, but we refer to the text for the explicit formulation. 

The paper is organized as follows. In section [2] we present some preliminaries 
we need in sequel. That includes the Fock space realization of the (generalized) q- 
gaussian random variables for —l<q<l, Wick product and some modular theory 
for the case — 1 < 9 < 1, and matrix models for the case q = ±1. At the end of 
the section [2] we collect some notations manly concerned with complicated indices 
we will encounter. In section [3] we focus on the case —l<q<l. We first establish 
the free case using the result in ,10J and obtain an appropriate interpolation scale. 
Using this interpolation scale and the approach of Nou (tl6]) we can get the result 
for the general case —l<q<l. In the final section we consider the remaining 
cases q = ±1. 

We assume that the reader is familiar with standard concepts in operator algebra 
([23l[24]), operator space theory ([5l[19]), noncommutative Lp spaces ([UlEO]), and 
the related complex interpolation theory ( [T^l [151 HO] ) . For a von Neumann algebra 
A4 we denote the noncommutative ip (1 < p < 00) space with respect to A4 
by Lp{A4). When E C Lp{Af) for another von Neumann algebra A/", the norm 
closure of the algebraic tensor product Lp{M) ® E in Lp{A4(E)Af) will be denoted 
by Lp{A4; E). For a Hilbert space H we write Sp{H) = Lp{B{H)) and Hr and He 
imply the row and the column Hilbert space on H, respectively. When iJ = we 
simply write Sp, R and C, respectively. Rp and Cp imply the linear space of the 
first row and column of Sp, respectively. 

2. Preliminaries and Notations 

2.1. The Fock space realization. We start with the Fock space realization of q- 
commutation relations for — 1 < 9 < 1- Let Ti. be an infinite dimensional separable 
complex Hilbert space equipped with an orthonormal basis {e±k)k>i- We denote 
by !Fq{'H) the associated free Fock space 



where is a unit vector called vacuum. We consider the operator of symmetrization 
P„ on 7^^" defined by 

Pofi = n. 



Pnifl 



where Sn denotes the symmetric group of permutations of n elements and 

^l"") = < < 7i,7r(z) > 7r(j)} 

is the number of inversions of tt e Sn- 



Now we define the q-inner product 



on Tain) by 



it ri)q = 5n,m (e, PnV) for ^ e W®", ry e H 



where (•, •) is the inner product in Ti. Since -P„'s are strictly positive for —1 < q < \ 
(■:■)<; is actuahy an inner product. In this case, the Hilbert space J-q{H) 
equipped with q-inner product is called q-Fock space on H, and we denote it by 
TqiJi). When q ~ ±1, f„'s are just positive, so we define TqiTi.) as the quotient of 
[Toiji.), (•, •)^) by the corresponding kernel. 

For two sequences of strictly positive reals A = {\k)k>i and 11 = {pk)k>i we 
define q- (generalized) gaussian variables (or q- generalized circular variables) by 

9q,k = ^k^qidk) + Aifc^g(e-fc), 

where tq{h) is the left creation operator by G 7i and is the adjoint of £q{h). 

It is easy to check that gg,fc's satisfy the g-commutation relations 

9q,k ■ 9q,j - Q ■ 9q,j ' Q^k = 4j (Afc + ^fc)/. 

When q — ±1 we have additional relations 

9q,k ■ gq,j - q ■ gq,j ' ffg.fc = 

which implies that gq^s are CAR and CCR sequences in the corresponding cases. 

We focus on Tq (—1 < g < 1), the von Neumann algebra generated by {gq,k}k>i- 
When q = Iwe define Fi by the von Neumann algebra generated by {exp(i-(7i^fc)}fc>i 
since gi.fc's are unbounded operators in this case. 

There is a canonical way to translate the above picture into the framework of 
Shlyakhtenko and Hiai (,22, ..fij. According to section 4 in [22] we can associate gq^k 
with an action 



cos 9 kt — sin 6 kt 
sin 9kt cos 9kt 



where 9k = log[(^)^] on Hk(= R^). Note that the basis (ek,e^k) on Hk for this 
matrix representation is given by 




(2.1) ^ " -V 



Sk 

e-k 



where ak ~ Aj, 

Fet s{ek) and s(e-k) be semi-circular variables defined by 

s{e±k) = l{iie±k)+i*ie±k))- 

Then we have 

(2.2) gq^k = V^^fc + ^fc (g(ir,) + zs(e_fc)). 

Since Ti. is the complexification of = ®j,>]^ Hk, by setting 

k>l 

we get that 

F,(i?R, ?7t) = {s(e±fc) : fc > 1}" = F,. 
In [22j we introduced another inner product {■, ■)u on 7i defined by 

{x,y)^^{2A{l + A)-^x,y), 
where A is the operator satisfying 

Ut = A'\ 
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Note that A = ®;.>]^ Ak with = A)^, and by taking conjugate with respect to 
the basis change matrix V in (|2.ip we get the matrix representation of A^ with 
respect to (efc,e_fc) by 

' A|m,T^ 



a.tVI 



V'^AkV^ 
which imphes that 

(2.3) Aek = Xh^k^ek 
for any k > 1. 

2.2. The Wick product and some modular theory for the case ~1 < q < 1. 

Let — 1 < 5 < 1. Since it is well known that is separating for Tq, for every ^ e F^fl 
there exist a unique operator W{£^) G Tq such that 

This W is called the Wick product. There is a useful decomposition of the Wick 
product as follows. 

n 

(2.4) wiO^Y^^kKAO 

for ^ e Ti*^", where Rn.k is the operator on 7i®" given by 

and J7fc : T^f"-^ Ti;®^ ^ B{Tq{n)) is the operator defined by 

Uk{ei (g) ■ ■ ■ (g) Cn) = l{ei) ■ • •^(e„_fc)r (e„_fe+i) • • - T (e„). 

In the above Sn/Sn-k x •S'fe means the representatives of the right cosets of Sn-k x Sk 
in Sn with minimal numbers of inversions. It is well known that 

(2.5) Pn ^ Rn,k{Pn-k <S) Pk) 

and by Corollary 1 in [16] 

(2.6) \\Uk : Hf"-'' ®h i/f ' ^ S(.F,(H))||^^ < C„ 

where H^'' is the Hilbert space on Ti®*^ equipped with the g-inner product and 



n>l 

We can estimate the norm of P„ and its inverse. In ^ it is shown that 

Pn < -^/i «)P„_i, 
l-q 

where Ii is the formal identity on H , thus by repeating the above operator inequality 
we have 

(2.7) \\Pn < 



Moreover, it is shown in [2\ that Ii g)Pn-i < w{q)^^Pn for some constant w(g) > 0, 
thus by repeating again we have 

(2.8) ||P-1 : H®" < w{qy+\ 
From the definition it is clear that 

(2.9) pI : i/^" ^ W®" 
is an isometry. 



We close this section with some modular theory for Tq and (j)q, the vacuum state 
defined by (/)^(-) = (f2 •, fi)^. It is well known that the modular group at with 
respect to (pq satisfies the following. 

Thus, gq^k is an analytic element satisfying 

(2.10) T^f g,,fe = (A^Vfe)^5g.fe^f • 

Recall that the anti-linear map S is the closure of the operator given by 

s{xn) = x*n 

for all X £ Tq. Then S can be written as S" = JA^, where J is the modular 
conjugation and A is the modular operator. By [B] we know that A is the closure 
of the operator ®„>o(^~^)'^"; which implies 

(2.11) S\H^^^J{A-^f". 

2.3. Matrix models for CAR and CCR generators. Now we focus on the 
case q = ±1. We will follow the approach in Example 3.8 of ^ to construct matrix 
model for gq^kS. First, we fix to € N and restrict our attention to gq^i, ■ ■ ■ gq^m- By 
(|2.2p we need 2m semi-circular variables to approximate gq^s. Thus, we consider 
an associated weight ip on N = l'^{M2)- Let K be the real Hilbert space consisting 
of self-adjoint elements of N equipped with the inner product 

ip{xy) + ip{yx) 

i^^y/K = 2 ■ 

Then Ut{m) — Ut{m) ® I is a, one-parameter group of unitaries on K , where 



k=l 

By the relationship 

^(xy) = (a;,y)j7(„) 

for self-adjoint elements x,y in Example 3.8 of [9] we can determine ip as follows. 



ip{x) = 2^ [{2 - ak)xii{k) + akX22{k)] 

l<\k\<m 

for X = [(a:y(±l)), • • • , {x^j{±m))] € ^^(Ma), where 



2mL 



X2 I ,,2 



Let 



(2.12) Un{x) ^ \ Wfe (8) 7rfc(a:), 

V n ^-^ 

k=l 

where ivk : N ^ jsfSm jg ^j^g homomorphism which sends N in the fc-th component 
and Vk (z Af2" are self-adjoint unitaries such that 

(2.13) VkVj — —VjVk (when q = —1) or VkVj = VjVk (when q = 1). 

Note that we are using the scaling factor Am since ■(/'(Iat) = 4to in this situation. 
Actually, we will use the following special choice of Wfc's. Let 

1 

Vk,k = I I and for j < k vj^k 

1 




Then we set 

(2.14) Vk = vi,k <»■■■<» Vk,k (g) 1 (g) • • • (g) 1 e 
Let U he a. free ultrafilter on N and 

n,U 

with the ultraproduct state 

where r„ is the normaUzed trace on . Let {5k)i<\k\<m be the unit vectors in 

In [5] it is shown that w„(5fc ® &12) (with respect to (pu) converges in ^-distribution 

to s(e/c) (with respect to 0) as n goes infinity, and if we consider the map 

$ : Lp(r±i) ^ Lp{Nu) (1 < p < 00) 

defined by 

$(7^|;P(s(?)±i,--- ,s(?)±™)i^S) = i5|;P(7/„(<5±i®ei2),-- - ,H„(J±„(gei2))i?J 
for any noncommutative polynomial P, then we know that 

(2.15) (g $ : Lp{M®T±i) Lp{M®Nu) 

is an isometry for any von Neumann algebra M . 

1 1 

When q = 1 we shall understand s{ek)Dl'^ as j^{eyi^{its{ek))Dl'^)\t=Q. 
2.4. Notations. In the following we will frequently use the index sets 

and for m G N 

= {1= {ii, ■■■ ,id)en'^ ■.l<ii^---^id<m}, 

where ii ^ ■ ■ ■ ^ id means that there is no repeating index. If we remove the 
restriction of repetition, then we have the index sets N"* and 

1^1 = {i= • • • , «d) e : 1 < «i, • • • , «d < to}, 

respectively 

For i € if-^ or NJiJj we will use the notation 

9q,i 9q,ii ' ' ' 9q,id i 

1 1 
dp-.q-.i ^9 5g,n ' ' ' 9q-id^q 

and 

Bi = g) • • • g) ei^. 
Similarly, for a sequence of real numbers A = (Afe)fc>i we will write 

K — • • • Ai^. 

We use the symbol a < 6 if there is a C > such that a < Cb and a ~ 6 if 
a < 5 and h a. Similarly, a <c^ h (resp. a ^ ^) if there is a constants C > 
depending only on d (resp. only on q and d) such that a < Cb. We write a b if 
a b and b ^cd ^-^id the meaning of a d ^ similar. 

From now on we fix two sequences of strictly positive reals A = {Xk)k>i and 
M = {f^k)k>i, the number of degree d G N and a von Neumann algebra M. M 
is equipped with a distinguished normal semifinite faithful weight ip which induces 
the trace functional tr^v^ on Li{M). We denote the unit of M by 1m whilst Im 
implies the identity map on AA. 
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3. The case -1< q < 1 

3.1. Free case: Building a model. First, we consider tlie free case {q = 0) and 
obtain an interpolation result as a corollary. We will simply write gk, T and (f) 
instead of go,k, To and (j)o, respectively. For i e or NJ^ we will use the notations 

9i ■= 5ii • • • .9jd and gp,, := g,^ ■ ■ ■ gi^D^ . 
For X = {xiji^jd C Lp{M) and < A; < d we denote by 



where 
and 



fp,ik+i ^ ■ ■ ■ ^ fp,id 



Ep - ^p 



We define the corresponding fC- and J-functional spaces /Cp(A,/x) (1 < p < 2) and 
Jp{X,n) {2 < p < oo) as the closures of finite tuples in Lp{A4) indexed by T'^ with 
respect to the following norms. 

Mic^.ix,!.) = inf {t^^'°{X, + T^^'^X, f,;x^) + ---+ T^^'^X, fx; x'')}, 

where the infimum runs over all possible Xi=Xf+ \- xf and x'^ = )igx^ for 

< k < d, and 

ll^ll-y.^CA,^) =o^ax^{^p'°(^'«^)' T^'^'\X,f,;x)p, 'RC^'\X,ii;x)y 
Note that J^,{X,n) = (/C^(A,/z))* with the duality bracket 

(^i)igi^) = X] X^|J,^trM{xlzi). 

Theorem 3.1. Letm G N andx = {xi)i^xd C Lp{A4). Then we have the following 
equivalence. 





9p,i 











for l<p<2 



■|Up^(A,/.) for2<p<oo. 
Moreover, Qp, the closed subspace of Lp{T) spanned by 

{9p,, : 1 G I'} 

is completely complemented with the constant depending only on d. 
Proof. We consider the following maps. 

/C^(A,Ai)(l<p<2) 
Jp%X,n) (2<p<oo) 
(a^i)iei^ 1-^ ^ a;, O ^p,,. 

What we need to do is to show that Wp's are isomorphisms with bounded constants. 
By a usual density argument it is enough to check that Up's are isomorphisms 
when they are restricted to the span of {xj^j^^jd for a fixed m Gj\f with constants 
independent of m. 



Lp{M(E>T), 



First, we consider the case 2 < p < oo and will use an induction on d. When 
d = 1 we are done by Theorem 3.1 of [27] (or Theorem 5.1 of [TOI)- Suppose we 
have the result for d and consider the case for d+ 1. 

We will simply write G X^^^ when we have 

i G ifj^ and 1 < i < m satisfying i ^ ik, 1 < k < d. 

In this case we will use the notation Xij and gij instead of Xi' and gi', respectively, 
where 

For X — (xi^i)^- jjgjd+i Q Lp{M) we consider 
By applying Theorem B of [10 we have 



A + B, 



where E : Lp{M®T) Lp{A4) is the projection induced from the conditional 
expectation Im ® <!> (see section 2 of [llj). 
Since we have by (|2.10p 

E(a|aj) = 1a4 (g) 4>{g*Dpgj) 
we get the following by the induction hypothesis. 



A 



X] 2;^,, (g /p,,i (g Z^"'' 



> fP-''^ (g) /P'* 



Similarly we have 



= Siih ■ ■ ■ KuK mJ x,^,Xjj (g)Dp, 



so that 



B 



0<fe<d 



max • 



fp,id 



Consequently, we get the result for d+1. 

Now we apply a duality argument for the case 1 < p < 2. By the above result we 
know that Up's (2 < P < oo) are isomorphisms with bounded constants independent 
of 771. Note that for x ~ (xi)i^x'' j ^ = i^ijieX'^ and 1 < p < 2 we have by (|2.10p 

(3.1) {up{x),Up,{z)) 

_i 1 _ 1 1 
= zJ \ ' t^f ^'^M{xlz£)(j){glgj) 

Moreover, for any Y G Lp{A4^r) we have 

(3.2) (7.p(a:),r) = (7.p(a:),7.pm;(r)). 

Combining (|3.ip and (|3.2p it is enough to show that Upru*'s (1 < P < 2) are 
bounded with constants independent of m. It is straightforward to check that the 
maps 

Up,u* : Lp,{M<»T) Lp,{M<»r) 

are essentially the same maps for 1 < p < 2 in the sense of interpolation theory. 
Thus, we are only to check the norms of Uooul and 1*2^2 by complex interpolation. 
Since p — 2 case is trivial, it suffices to show that ui is bounded. 
Note that 

L^(r)§L^(r) ^ Li(r), a(E)b^ab 
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is a complete contraction, so that for < k < d we have 



Li(M<gjr) 



< 



x^_(^ D^^ g,, ■ ■ ■ g^^^ ®g^^^, ■ ■ ■ g^^D^^ 



Li(A4)(»L5(r)(»L^(r) 
,id) e 1^-^. Since {D^ g,k}^k^-j^k 



Let i'' = [ii, ■■■ ,ik) el^ and = {ik+i, ■ ■ ■ 
and {g^d-kD^^^^_^^^d-k are orthogonal families of vectors in L2{T) and 

tir{Dig^_kg*^kDi) = 4>ig,kg*_k) = (/ij^ • • -/^jj^ 

and 

trr(£'^5|d-fc5,d-fcL'5) = (A^^^, 
we obtain complete isometrics 

span{D^5,4,fcg2:fe(C L^(r)) = span{/i'*i (g 

and 

span{gid-kD^^d-k^jd-k{'^ L^iT)) = span{/i_i^^j (g) 



This implies ui is a contraction. 

Now we have isomorphisms Up for 1 < p < cx) with bounded constants (depending 
only on d). Thus Gp's, are completely complemented with constants depending only 
on d by the following projections. 

UpU*p, : Lp{M(^r) Lp{M^T). 

□ 

Remark 3.2. The proof of Thcorem l3.1l follows closely the Theorem F in [10], but 

we have to go a step further in proving the complementation result. 

Now we get an interpolation scale we need in the following section. 

Corollary 3.3. {IC^{X, ^l) : 1 < p < 2} U {J^{X,n) : 2 < p < oo} forms an 
interpolation scale. In particular, for 1 < p < oo and 9 = - we have 



K.i{X,^i) forl<p<2 
J^{X,fi) for2<p<(x 



isomorphically with constants depending only on d. 

If we rephrase the above in the operator space language (see [18] ) , then we get 
the following interpolation result as a corollary. Let 1 < p < oo and /^'^ and fp/s 
are as before. For < fc < d we denote the closed subspace of C®*^ Rf''-~^ 
spanned by 

{f^'^' ® • • • ® F'*^ ® fp,^,^, ® • • • ^ /p,., -.lel"} 

by RCp ''{X,^). Now we define 



i?Cp^(A,/i) = 



i?C^'0(A, ^l) + RC^'^iX, + + RC^''^{X, n) for l < p < 2 
RC^^°iX, fj.) n RC^^^{X, fi)n---n RC^^'^{X, n) for 2 < p < cx) 



Corollary 3.4. {RCp{X, fi) ■ 1 < p < 00} forms an interpolation scale, i.e. for 
< 9 < 1 and 1 < p,po,pi < 00 satisfying ^—^ + — — - we have 

[RC^^ (A, fi), RC^^ (A, ^l)]g - RC^iX, fi) 
completely isomorphically with constants depending only on d. 
3.2. The case of general q. For x — {xi)i^xd C Lp{Ai) we can write 

X = Xi(^ei 

as an element of Jp{X, ji). Since Pd is defined on 'H®'^ the following is well-defined. 

{Il^(m) ®Pd)x ^ Xi_®Pd{ei). 

It is clear that {Ilp{m) ^ Pd)x is also an element of Jp{X,ii). 

Theorem 3.5. Let to e N and x — (xi)jgj£i C Lp{M). Then we have the following 
equivalence. 



^ ^ Xi <E) dp.q.i 



|2;|Ik;^(a,m) forl<p<2 
|(-^Lp(x) «)P<i)2;||_yd(^^^) for 2 <p< 00 



Cd,, 

Moreover, Gp q, the closed subspace of LpiTq) spanned by 

{gp.q.i ■ i e 1'^} 

is completely complemented with the constant depending only on d and q. 

Proof. We consider the map Up^q as before with a suitable modification. For 1 < 
P<2 

Up^q : JCl[X,ii) Lp[M®Tq) 

X I— > ^ ^ ® gp.,q.,ij 

and for 2 < p < 00 

Up.q : Jp{X,n) -> Lp{M^Tq) 

{ILp(M)® Pd)x ^-> ^ Xi(g)gp,q,i. 

We observe that 
where 

f = ^ (g) Ai Ci . 

Thus, for 2 < p < cx) we have 

Our plan is as follows. First, we will show that u^ q, U2^q and Ui^q are bounded 
with constants depending only on d and q. Then by Corollary 13.31 and complex 
interpolation Wp.g's (1 < p < 00) are bounded with constants depending only on d 
and q, since it is clear that Wp.g's are essentially the same map for 1 < P < 2 and 
2 < p < 00, respectively, in the sense of interpolation theory. Then, we will apply a 
duality argument to show that Up.q's (1 < p < 00) are actually isomorphisms with 
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constants depending only on d and q. Indeed, for x — (xj^jigid , z — {zi)i^xd and 
l<p<2 

(3.3) {Up^q{x),Up,^q{z)) 



1 _J_ 1 J_ 



and for any Y £ Lp{Ai(E)rq) and 1 < p < oo 

(3.4) {Up^q{x),Y) = {up^q{x),Up,^qUp^g{Y)) . 

If we know that Up,g's {1 < p < oo) are bounded with constants depending only 
on d and q, then we can conclude that Wp.q's (1 < p < oo) are isomorphisms with 
constants depending only on d and q using p.3p and p.4p . 

Now we consider the boundedness of Uoo,^ following the approach of Nou (|16j). 
For x = {xi)i^jd we have by (|2.4p and (|2.1ip 



fc=0 
d 



k=0 



where ^ = (Jyvi ® -P^ "^)(C) a-nd //c is the formal identity on Ti''. 
Since \\Uk{Ik «) S*)]!^,, < Cq and (g) J||^j < 1 we have 



\\'^oo,q{x)\\ ^^^^.^Y-g 
d 

< CqY^pM ® ih ® (A-^)«'^-'=)i?2,,_fc(|) 



fc=0 



A1«>mi„(-H"?''®hff?'^"'') 



By (USD and JMH we have 

/^®(4®(A-^)«'^-'=)i?S,,_fe(0 



A1«.,„i„(-H®'=«)h-Hf"'-'') 



im ® m ® Pd-u){h ® {A-^r'-'')Ri,_M) 



Since Pd-k and [A 2)®<^ ^ commute we have by p.Sp that 

(p, ^ p,_fc)(4 ® (A-^)«'^-^-)p;,_, - ih ® {A-'^r^-'^m ® Pd-k)Rid-k 

= {h®{A-"^)®''-'')Pd- 
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Thus, by 



we have 



Consequently, we get 

1 1 Woo,? (a;) 1 1 

When p — 2 the calculation is straightforward. We can easily check that 



X ^ 1 1 



Since 



L2{M) 



>PJ)X 



Ik;^(a,m) 



by (|2.7p and (|2.8p we get our desired estimate. 

The boundedness of ui.q can be checked by the identical argument as in the proof 
of Theorem [2111 so we are done here. 

□ 



4. The case of CAR and CCR generators 

We will simply write Uk, ap,k and Ap instead of g±i^k, 5p,±i,fc and Gp,±i, respec- 
tively. For any i g NJ^ we define a^^j similarly. We start this section with the 
operator space structure of Ap. 

Theorem 4.1. Let m e N and x — {xk)i<k<m Q Lp{M). Then we have 



E 

l<fc<71 



Xk ® ap^k 



for l<p<2 
for 2 < p < oo. 



Lp(A4(»r±i) 

Moreover, Lp{A4;Ap) is complemented in Lp{M'^T±i). 

In particular, we have Ap = RCp{X, ^j.) (1 < p < oo) completely isomorphically, 
and Ap (1 < p < oo) is completely complemented in Lp(r-i-i). All constants here 
depend only on p. 

Proof. When 2 < p < oo we apply noncommutative Burkholder inequality (also see 
Theorem 4.1 of [26J). For 1 < p < 2 we follow the proof of Theorem E in [TU] to 
obtain an upper bound. The lower bound follows by the duality and the previous 
result. 

For the case p = 1 we can get the result with a slight modification of the proof 
of Theorem 7.1 in 0. Let V, Un and N be as in section[131 Let iV„ = ® iV®" 
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and D^, be the densities of i/i and t„ (8) (^)®", respectively. Then by (|2.2p and 
^^^\^ we have 



k=l 



Li{M(S>r±i) 



hm 



E 

fe=i 



Xk ® Al u« ((4 + if^-fc) ® 612) 



Li(M®N„ 



The only difference now is that we are using [5k + i5-k) ® ^12 instead of 5^ ® £12 in 
(7.3) of 0. Since 

trjv([i?|(((5/ - iS^i) ® e2i)]*i?| ((4 + i<5-fe) ® 612)) 
= trAr((((5; - iS^i) e2i)D^((4 + i(5-fe) (g) 612)) 



by the same argument we get 



k=l 



inf 



Li(X®r±i) 



rn 



k=l 



Li{M) 



k=l 



Li(M) 



= \\i^k)T=l\\KlM- 

For X — {xi)i^fid C Lp{M) and r = (ri, • • • , r^) G {c, r}*^ we denote 



□ 



nCl{X,n]x) 



■ • • (g) /l. 



where 



and 



Cp if rfc = c 
Rp if rfc = r. 



We define the corresponding symmetric JC- and J-functional spaces SK.p{X,fi) (1 < 
p <2) and SJp{\, fi) [2 < p < 00) as the closures of finite tuples in Lp{M) indexed 
by N'' with respect to the following norms. 

Msfcu^,.) = inf 7^CJ^(A,Ai;a;''), 

where the infimum runs over all possible Xi = X]re{c r }'' ^'^'^ ~ (^^HigN'' for 
r g {c, r}'', and 

\\''\\sj^H^.^.)= ^^^^^d'^Cl{\,^i■x). 
The following is the tensor product extension of Theorem 14.11 
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Corollary 4.2. For x = (xi)i(z^d C Lp{M.) and 1 < p < oo we have the following 
equivalence. 



^ ^ Xi_ ^ Oip.il 



for 1 <p<2 



\^\\sj''{x,f.) for2<p<oo. 



Proof. We assume that 1 < p <2 and d = 2. The proof for the other cases are the 
same. By Theorem 14. II we have 



E 



inf 



Lp(A<®r±i®r±i) 

m m 



/ ^ ^ j_ 1 



Lp(A1®r±i«iB(£2)) 



■'""^ Lp(A1®r±i(§)S(i'2)) 

If we apply Theorem 14. II for A4(E)B{£2), then we get the desired result. 



□ 



4.1. Polynomials of degree 2. In this section we first focus on the case d = 2 to 
get the idea for polynomials of higher degree. 

Theorem 4.3. Let x = (a;^)™. ^ C Lp{M) satisfying 



(4.1) 

and 



-Xu for q = -1 



Xij = Xji for q = 1 
for all 1 < i, j < m. Then we have the following equivalence. 



Xij (g) D'i^^aiajD'^^ 



MsKHx^f.) for l<p<2 
MsJS{x.^.) for2<p<oo. 



Proof. Let u„ and Vk be as in (|2.12p and (|2.14p . respectively. By (|2.15p we have 



x^j (g) Dl\a,ajDl\ 



Lp(Ai(gir±i) 



lim 



-L _L 

Xij ® D^" {Unih)Un(bj))D,l' 



where hk = — ^(4 + i&-k) ® ei2. 



Note that we have 



(6i)u„(foj) = ^ VkVi (g) 7rfc(&i)7r;(&j) 
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and tpni'^k^ ® 7rfc(6i)7r;(6j)) = for fc ^ /. Thus, we have 



4m 
n 



m ^ n ^ 



i,3 = '^ 



k,l=l 



We set 



Qn= Y ^''j ® ® '^k{bi)n{bj)j Dn" . 



l<i,j<m 
Kfe.Kn 



First, we show the lower bound by an averaging technique. Let us fix a subset 
Ac {!, - ■ ■ , n}. We introduce 



eiVk foT k G A 
e2Vk foT k ^ A 



where £i and £2 are two independent BernoulH variables with Prob(e, = ±1) = 5. 
Then 

/ / £l(tl)£2(i2) V] Xij ® Vk{e)vi{£) ® ■Kk{bi)'Kl{bj)dtidt2 
•^0 "^0 l<i,3<m 



l<k,l<n 



= Y ^ij '"kVl O ■Kk{bi)'Ki{bj) + Y ^ij ® '"kVl O nk{bi)'JTi{bj) 



l<z,j<m 

feeA, i^^A 



l<i,j<m 



= 2 ^ a;^ (g) VkVi (g) -Kk{bi)-Ki{bj) 



l<z,j<m 



since (when = — 1) 



Xij ® VkVi (g) T^k{hi)TTi{bj) = Y, ^io ® ^i^k ® T^i{bi)'r^k{bj) 



keA, l^A 



l<i.j<m 
ki^A, leA 



= - Y, '"k'^'' ® T^k{bj)'ni{bi) 



l<i,j<m 
k4A, leA 



= X/ (E)VkVi^Trk{bi)TTi{bj). 



l<i,j<.m 
k^A, leA 



The case q = 1 is the same. 

Clearly the tuple {{vk{s))keA,{vk{^))k(A) has the same ^-distribution as the 
tuple (^{vk)keA, {vk)k^A)- Thus, by combining the above observations we get 



(4.2) 



Y Xij O oi" (vkvi O TTk {bi)'Ki (6j)) oi" 



keA, l^A 



< ^IIQnllp- 



Now we assume that n is even and consider a specific choice of A, namely 

A = {l,-,f}. 
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Then k £ A, I ^ A means l<fc<^<^<n. In this case we decompose Vk and Vj 



as follows. 



Vk = Wfc (81 1, Vl ^u® Wl, 



where Wk,wi and u S M2n/2. Moreover, TTk{bi)i:i{hj) can be understood as ■Kk{hi) ® 
TTiibj) since iTkibi) € N®i <g) 1 and 7Ti{bj) G 1 (g) iV®t. Since = I ® D^^^^ we 
can write Z3„ — I?„/2 ® £'n/2- Now we have 



E ® 



VkVl (g) TTk{hi)'Kl{bj) 



r)2p 



i,j=l l<k<^■<l<n 



J2 E ® 



ij = l l</£<f <i<n 



(wfc ti;;) (g) 'Kk{bi)n{b] 



]j2p 



■1/2 



E «)L'^^2[E"''="'^^'=(^*) 

ij — 1 fc— 1 



D^",^ (g) D^" 

n/2 n 



1 " 
«/2[ E 



(g) nibj) 



l=n/2+l 



n/2 



Since Wk and m commute (wfeu)i<fe<:j and (wi)2:</<„ satisfy the relations in (|2.13|) . 
Thus, 



■ n/2 



J^^'^WkU®TTk{bi) and E m^mibj) 

V fc=l V i=n/2+l 

converges in ^-distribution to and aj, respectively, and consequently we have 



^ ^ Xjj g) (Xi^p g) 



(4.3) =limi^ 



m ^ 

E E ® -^"^ (^*-^"' ® 7i'fe(&i)7r/(6j)) 1?,^ 



j = l l<k<^<l<n 



Am 

<21im— |1Q„|1 =2 
71 n ^ 



_L_ 



The conclusion follows by Corollarv l4.2l 

For the upper bound we consider the discrete probability space 51 of 

71 

AC {!,■■■ ,n} with \A\ = -. 

Then for fixed 1 < k ^ I < n we have 

#{AC{l,...,n}:|A| = f,fceA^^^} 



Prob(fc e ^, ; ^ ^) 



n-2 
Vri/2-1 



#{AC {!,... ,n}: 1^1 = 1} 

) n 



{n/2) 4(n-l)- 
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Thus, by the symmetry we have 

k,l=l = l 



< 4E, 



— / 



1 1 

l<k<n/2<l<n ij = l 

where imphes the expectation with respect to f2. Consequently, by (|4.3p we get 



< 



E 



and the conclusion follows by Corollarv l4. 21 again. 



□ 



4.2. Polynomials of higher degree. Now we consider the general case d > 2. 
For a permutation p E Sd and i G NJ^ we denote (ip(i) , • • • , *p((i)) G by 

Theorem 4.4. Let x = {xi)ifz^d C Lp{A4) satisfying 

(4.4) = sgn{p)xii^p) for q = -1 

Xi = Xj(p) for q = l 
for any p £ Sd and i G Nf„. T/ien we have the following equivalence. 



^ Xi g) ttp.^ 



Lp(Ai(»r±i) 



Proof. As in the proof of Theorem 14.31 we have 



E 



lim 



J2 X^®D^^Unih,)---Unih,))D^' 



/4m\ f 



lim 



and we set 



Q« = Y X,_i^ Vj_i^ Dn" {nj,{bij ■ ■ ■ TTj^{b,J)Dn'' 

First, we consider the lower bound. Let (^1, • • • , Ad) be a partition of {1, • • • , n}. 
For 1 < fc < d we introduce 

Vj{e) = Ekv-j for all j e At, 
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where {sk)'k^i is a collection of independent Bernoulli variables with Prob(ei 



±1) = i. Now we observe that 



[0,1]' 



= E E ^ ® ^ Cn" i^n {K )■■■ {K))D^'' 

since the integration kills all the terms where all jfe's belong to different partitions. 
On the other hand for a fixed p Cz Sd 'we have (when q = —1) 

jp(i)eAi,--- jp(d)eAd iGN^ 

E E ^i'^'"l®'^Jl(^*l)■■■'^J<i(^*'^)• 



The case q = 1 is similar. 

Since (^^(e))"^! has the same ^-distribution with (vj)"^-^ by combining the above 
two observations we get 



dl 



< IIQnIlp- 



Now we assume that n is a multiple of d and choose 

Ak = 1 ^ ^ + 1, • • • , ^} for 1 < fc < d. 

As in the case d = 2 we can write vj = u®''~^ ® wj^k 1 for j G and u, Wj^k & 
M2,^/d. Then 



Moreover, we have tTj-j (6^ J • • •7rj^(&iJ = T^j^ih^)® - ■ -^T^jAha) for ji G Ai, • • • , S 
Ad and £)„ = D„/d D^/d, so that 



n/ d 



k=l 



Since Wj^^fc and u commute {vj^^ku'^ '^)jj.gyifc's satisfy the relations in ()2.13p 



converges in *-distribution to a^^ by the central limit procedure. Thus, we have 



4m \ I 



ip(Ai®rf°) 



1™ V 

n \n/a 



d2 lim f 

n \ n 



r)2p 



< 



(g Op,. 



Lp(A1®r±i) 

Then by Corollarv l4.2l we get the lower bound. 

For the upper bound we consider a fixed (ji,- ■ ■ ,jd) € N'^ and the discrete 
probability space f2 of partitions A = {Ai, ■ ■ ■ ,Aii) of {1, • • • ,n} with jA^I = ^. 
Then we have 

Prob(. eA,... A,) #{iA[,---,A',):A[U...UA',^{l,...,n-d}} 

Frob(ji e Ai, , jrf e A,) - ^^^^^^ . . . , A,) : Ai U . . . U A, = {1, . . . , n}} 

_ in/d-Z-- ,n/d-i) _ n'^jn - d)\ 

,n/d) 

This implies 

IIQnIlp 



n'^in - d)\ 



i&i'L 



Kd" 



J2 ^ ® ® Di'' (T^n {h, )■■■ 



where E r is the expectation with respect to fi, and consequently 



^ ^ g) 



limfl^VllQ. 



n \ 71 / 



Lp(Ai®r±i) 



<d'^limfl^)^ 

n \ n I 



J2 E a:,€5i;j€5D^''('rji(&n)---7r,,(6,J)i?^'' 



c!2 



^ a;i (g flp^ii (g • • • g) ap,i^ 



We get the desired conclusion by Corollary [42] again. 



□ 



Remark 4.5. The conditions (|4.ip and (|4.4p imply xu = for any i and = 
foranyzeNl-i;^. 
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